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Introduction
For research on trends in mortality at high ages, it is necessary to know not only the numbers of deaths at each year of age, but also the corresponding numbers who were at risk, because they were living in the same population at the same time. Many countries have reliable data on deaths, but at present only a few have equally reliable statistics on the numbers at risk at high ages. These few countries, which all derive their statistics from population registers, are Denmark, Finland, Iceland, the Netherlands, Norway, Sweden and Switzerland. For the other countries, several methods have been proposed to make improved estimates of the numbers at risk. The first, historically, was the "method of extinct generations", also known as the "method of extinct cohorts", which was proposed by Vincent (1951) and is described in the next Section. This method can only be applied strictly to "extinct" cohorts in which all the members have already died. However, in order to extend their work, Vincent and his assistant Depoid sometimes made estimates of the numbers of deaths which were still to come in the cohorts which were almost extinct. It was they who first used survivor ratios. Other methods of estimation were later developed and are described in a review by Thatcher (1993) . A further method has since been added by Andreev (1999) .
It should be noted that the work in this paper is not confined to cohorts which are almost extinct. Some of the estimates extend down to age 90. As 20 per cent of females live to reach age 90, the cohorts concerned still have some way to go.
However, these methods cannot all be applied in all countries at all times, due to data limitations and other difficulties. The present paper therefore concentrates on the three main methods. In 1999 the Max Planck Institute for Demographic Research decided to initiate a research project, to see how the performance of these three main methods would have compared, if they had been applied at the time to the data for nine countries in each of the years from 1960 to 1995. The nine countries were Denmark, England and Wales, Finland, France, Japan, the Netherlands, Norway, Sweden and Switzerland. The data were taken from the Kannisto-Thatcher database on old age mortality, currently maintained by the Max Planck Institute at Rostock.
The outcome was unexpectedly simple. When the results were ranked, it was found that one particular variant of one of the main methods performed consistently better than all the others. This was a very fortunate conclusion. If the tests had shown that one method was better in some cases and that another method was better in other cases, it would have been much more difficult to decide how to update the database. The present paper is designed to describe this research and to put the results on record.
The most successful method was a variant of the Survivor Ratio (SR) method, which is a modern development of a method which was first used by Vincent (1951) .
However, much has changed since 1951 and the variant includes a correction to allow for declining mortality at high ages. An up-to-date account of the method is therefore needed and this is given in Section 2, contributed by Thatcher and Kannisto. The research itself and the results are given in Section 3, contributed by Andreev.
For those who are interested in the data, the book by Kannisto (1994) describes how the Kannisto-Thatcher (K-T) database was set up. It gives the sources, briefly appraises the reliability of the data and also deals with the problem of splitting numbers of deaths between the triangles on the Lexis diagram. Some further information relating to England and Wales will be found in Thatcher (1992) . A full description of the current methods is given in the documentation of the database which is available from the Max Planck Institute.
The Survivor Ratio Method

Vincent's method
In some countries, there are reliable population registers and there is no difficulty in calculating accurate death rates at each year of age. In other countries, death rates are calculated by the traditional method of dividing the numbers of deaths (found from civil registrations) by the numbers at risk as given by the official population statistics, which are based, ultimately, on the Censuses of Population. Unfortunately it is known that some of the very high ages recorded in the censuses are not always accurate. At such very high ages, death rates calculated from census data are not reliable.
A different method was proposed by Vincent (1951) . At high ages, and for dates sufficiently far in the past, the population at risk can be estimated directly from the death registrations, without using the censuses of population at all. Once all the members of a given cohort have died, their dates of birth and death give enough information to reconstruct the numbers who were alive at earlier dates, provided that we confine ourselves to ages which are high enough for international migration to be negligible. This is the "method of extinct generations" or the "method of extinct cohorts".
However, it is not really necessary to wait until all the members of the cohorts concerned have died, before one can start to make provisional estimates of the numbers at risk. By the time that the members of a cohort have reached (say) age 100, only a small proportion of its original members will still be surviving and this proportion -or, more precisely, the ratio of the number of survivors who are still living to the numbers in the cohort who died during (say) the last five years -can be estimated from the experience of previous cohorts. On multiplying this estimated "survivor ratio" by the known number of deaths which have occurred in the given cohort during the last five years, we obtain a provisional estimate of the number of survivors who are still alive. We can then reconstruct the past population by adding the estimated number of survivors to the known number of past deaths, cohort by cohort. This illustrates the method which was used by Vincent and Depoid to extend the method of extinct cohort so that it could be applied to cohorts which are almost extinct.
In order to see how this method works, we need a notation. Consider the cohort born in the calendar year b and let d(b,y) be the number of deaths in this cohort during the calendar year y. Let s(b,Y) be the number of survivors in this cohort who were alive at the end of the calendar year Y, or on 1st January of the year Y+1. Then the "survivor ratio" for this cohort at the end of year Y, when the denominator of the ratio is taken to include deaths in the last k years of age, will be given by
In the immediately preceding cohort, born in the year b-1, the corresponding ratio at the same age was
Also, as an identity, we have
All the d's are known. Thus if we already have an estimate of s(b-1,Y), we can use (3) to find s(b-1,Y-1) and hence (2) to find R(b-1,Y-1). If we are now prepared to assume that the cohort born in the year b has the same survivor ratio as the cohort born in year b-1, as should be the case if mortality rates are stable, then we shall have
and we can now use (1) to estimate s(b,Y). In this way, we can derive an estimate of s(b,Y) from an estimate of s(b-1,Y). If we know the highest age w where there is expected to be only one survivor, so that s(Y-w ,Y) = 1, then we can start the process at age w and work down the cohorts, by iteration, and so estimate the numbers of survivors at lower ages at the end of the year Y. This description is slightly simplified because it bases the estimate of R(b,Y) on the assumption that this is the same as in the single immediately preceding cohort. It is possible to damp down fluctuations in the ratios by using the average ratios over the last few cohorts, say m cohorts, instead of just a single cohort.
This original version of the SR method works well when mortality rates are stable but the sizes of successive cohorts are changing. In effect, it then uses the deaths in the last k years as a measure of the relative sizes of the cohorts. These were the conditions under which Vincent first devised the method and applied it to centenarians. However, when the method was applied in different circumstances, where mortality rates were falling quite rapidly and where it was sometimes necessary to extend the estimates to ages as low as 90, it was found that modifications are needed. The main work on this was done by Kannisto and his main findings can be summarised as follows: (i) When mortality rates are falling, the survivor ratios are not constant from one cohort to the next and the simple assumption (4) is no longer valid. Kannisto proposed the introduction of a correction factor c, so that (4) is replaced by
When mortality rates are falling, we expect c to be slightly greater than 1.
(ii) The method starts at the highest age and works downwards. Kannisto devised an algorithm for estimating the highest age w . This is taken as the lowest age at which the latest five-year average of the total number of deaths at still higher ages is less than 0.5.
(iii) As the SR estimates are produced one by one, starting from the highest age and working downwards, they gradually become less and less reliable. This is mainly because they become more and more dependent on the assumptions. (They also ignore migration). Eventually there will come a point, typically somewhere between ages 90 and 100, where the SR estimates need to join on to the official statistics, at the lower ages where the official statistics can be accepted as reliable. The condition that the SR estimates should join on to the official statistics in an acceptable way imposes a constraint. In fact, this constraint has a distinct benefit. Provided that it can be specified sufficiently closely, there will be only one value of c which will produce SR estimates which are consistent with the constraint, and this makes it possible to determine a definite numerical value for the parameter c.
Practical problems
In order to apply the SR method in practice, we need to have values for the parameters k, m and c. Here k is the number of years of age in the denominator of the survivor ratio, and this needs to be at least five. Also m is the number of cohorts which are used to smooth the survivor ratio and this is also commonly taken as five. These are not critical assumptions, but the next Section reports on some research which was designed to see whether they can be improved.
In order to determine the parameter c, we need to specify the way in which the SR estimates should join on to the official statistics. In some countries, there is not much choice. For example, if there are no official statistics for individual ages above 90, but only a total for the age group "90 and over", then the only practical choice is to link the SR estimates either to the official number at age 90, or to the official total for the age group "90 and over". It is important to know which of these choices performs best, and this is the reason for some of the variants which are investigated in the next Section.
There are other countries where the choice is not quite so simple, because the official statistics are believed to be reliable for a few years of age above 90, but not as far as 100. In principle, one would like to know the age at which the official statistics cease to be reliable. Unfortunately, the only sure way to determine this is to compare the official statistics with the estimates found by the method of extinct generations, but this involves waiting until the cohorts are extinct. The Max Planck Institute is hoping to discover a more rapid mechanical rule. In the meantime, there is a more traditional method which can be used. This is to place the official statistics for ages 90 and over alongside the corresponding SR estimates, to see where they diverge. A judgement can then be made on how they should be joined.
Research
Alternative methods
Of course, the SR method is not the only way to produce estimates of the number of survivors in each cohort. The main alternatives are the Das Gupta method (DG), which was applied to the U.S. Census of Population in 1980 and has been fully described by Das Gupta (1990) ; and the more recent Mortality Decline method (MD), proposed by Andreev (1999) .
The SR, DG and MD methods all operate by using ratios calculated from recent data. The SR method uses the "survivor ratio", as described in Section 2. The DG method uses the "deaths ratio", which is the ratio Dx+1/Dx of the number of deaths at age x+1 to the number of deaths at age x in the same cohort. The MD method uses death rates, estimated by a linear statistical model.
Although there is a broad similarity between these approaches, in that they all use ratios derived from recent data on deaths, they differ considerably in the details. There are also variants of each method. In 1999 the Max Planck Institute for Demographic Research decided to make a systematic comparison between these methods and their variants, to see how well they would have performed if they had been applied at the time in each of the years 1960 to 1995, in each of the nine countries listed in Section 1.
Further details, variants and notation
The SR method has already been described fully in Section 2. It has two parameters which can be chosen at will, namely k (which is the number of years of age in the denominator of the survivor ratio) and m (which is the number of cohorts used to smooth the survivor ratios). The SR estimates found by using just these two parameters, and the equation (4) above without any constraint, are denoted by the abbreviation SR(k,m). However, equation (5) introduces a parameter c which is later determined by a constraint. The variants of particular interest are those in which the SR estimates are constrained either to agree with the official statistics (or other independent estimates) at age 90, or to give the same total population at ages 90 and over. These variants are denoted by SR(k,m,90) and (k,m,90+), respectively.
In the DG method, the ratios Dx+1/Dx are calculated from the data for the last k calendar years. These ratios are then used to "predict" the numbers of future deaths in each future year in each cohort, until the cohorts are extinct. Estimates of the numbers living are then found by the method of extinct generations. Finally, the results are adjusted so that the total is consistent with an independent estimate. For the purpose of the present comparisons, the DG totals were adjusted to agree with the same independent estimates as were used for the SR method, at ages 90 and 90+. The results are denoted by DG(k) when unadjusted and by DG(k,90) or DG(k,90+) when adjusted.
In the MD method, current death rates were estimated by extrapolating the death rates in the preceding k cohorts. This was done by fitting linear statistical models to the death rates at each age and then using the predictions given by the model for the current cohorts. For full details see Andreev (1999) . Again, the totals may or may not be constrained to agree with independent estimates at ages 90 or 90+. The resulting estimates are denoted by MD(k), MD(k,90) and MD(k,90+), respectively.
Method of comparison
In order to investigate the relative merits of these three methods and their more obvious variants, it was decided to apply them to nine of the countries for which reliable data are available in the Kannisto-Thatcher (K-T) database for old age mortality (Kannisto, 1994) . The calculations were made for each of these nine countries, separately for each of the years from 1960 to 1995, and separately for each selected variant of each method. These included three variants of the SR method, six of the DG method and three of the MD method. However, because the MD method required a longer run of years than the others, it was applied only from 1980 onwards. The results are accordingly presented in two parts, for [1960] [1961] [1962] [1963] [1964] [1965] [1966] [1967] [1968] [1969] [1970] [1971] [1972] [1973] [1974] [1975] [1976] [1977] [1978] [1979] showing the SR and DG methods only, and for 1980-1995 showing all three methods.
For the constrained calculations which require independent estimates of the number aged 90 and the total number aged 90 and over, these were taken from the K-T database. For the earlier period 1960-1979, the independent figures were calculated entirely by the method of extinct generations, using only the deaths after the year concerned. They are therefore completely independent of the SR and DG estimates, which are based entirely on the deaths before the year concerned. They therefore did not depend at all on the SR or DG methods, or on the population registers. They were also completely independent in the earlier part of the period 1980-95.
However, in the latter part of 1980-95 they were no longer completely independent. For example, the K-T estimate for the number aged 95 in 1990 is found by adding the known number of deaths in this cohort between 1990 and 1995 to the estimated number of survivors in the cohort who were aged 100 in 1995. Thus the K-T estimate for 1990 will depend, at least partly, on the method of estimation which was used in 1995. However, there is not much alternative to using the K-T Database in the comparisons, because it contains all the best information which is available at present. Improved comparisons will become possible in time, when the cohorts concerned are nearer to extinction.
All estimates were made for males and females separately. Thus for any given age, there were separate estimates for 9 x 9 x 20 x 2 = 3,240 countries/variants/years/sexes in the years 1960-1979 and for a further 9 x 12 x 16 x 2 = 3,456 in the years 1980-1995. These 6,696 estimates, which each involved a great deal of calculation, were made for each separate year of age from 90 upwards.
Because the amount of information produced by these calculations was so huge, it is desirable to find a condensed method of presentation and a simple procedure for discriminating between the different methods and variants. For presentation, it was decided to concentrate on the relative success of each method and variant in estimating (a) the total number in the population at ages 100 and over: and (b) the total number in the population at ages 95 and over. Here the estimates are all based on the numbers of deaths before the event. The observed populations, with which they are compared, are taken from the K-T database.
The procedure ranks the estimates given by the various methods and variants and assigns them a score between 0 and 1,000, based on how close the estimate falls to the observed population in the year concerned. For example, nine methods were used to produce estimates for the year 1960. For each method, we can compare the estimate of the population aged 100 and over with the corresponding observed population, in each country. The method which gives the smallest absolute difference is given the highest rank. The ranks are then summed over countries and years, divided by the total sum of all ranks, and finally multiplied by 1,000. The most successful methods are those with the highest scores. Table 1 The relative scores produced by this procedure are summarised in Table 1 . This table shows a remarkable result which leaps to the eye: on each line, the highest score is in the last column. This means that a particular variant of the SR method, namely the variant SR(5,5,90+), scored better than all the other methods in every case. It scored better both for ages 100 and over and for ages 95 and over; it scored better for both males and females; and it scored better in both the earlier years 1960-79 and in the later years 1980-95. Such a simple finding was totally unexpected.
Results in
This highly successful variant of the SR method is constrained to agree with the independent estimate of the total population at ages 90 and over. This variant performed better than the unconstrained version of the SR method, and also better than the variant constrained to agree with the independent estimate for age 90 (as opposed to ages 90+). Table 1 shows that this was also found for the DG and MD methods. In all cases, the variant constrained to agree at ages 90+ performed better than the unconstrained version and also better than the variant constrained to agree at age 90.
It is not surprising that the constrained variants of the SR and DG methods perform better than the unconstrained versions. The reason is that the unconstrained versions do not make adequate allowance for the fall in mortality rates at high ages. Indeed, the constraints were proposed by the authors of the methods themselves, on the basis of previous experience.
It is not so obvious why the constraint to the total at ages 90+ should perform better than the constraints to the single age 90, but there are some points which may be relevant. The official estimate for the total at ages 90+ may or may not be completely accurate, but its percentage error will certainly be far less than the percentage error at higher ages. Also, it will produce an estimate of the change between successive years which can certainly be accepted as reliable. This is because the change in the total depends only on the total deaths above age 90 and on the numbers reaching age 90. It does not depend at all on the accuracy of the numbers in the population at individual ages over 90. A reliable estimate of the change is an important piece of information which needs to be taken into account in the estimation process. 
Results in Table 2
The results in Table 1 clearly show that constrained methods perform better than unconstrained methods, at least when independent estimates (such as the total population at ages 90 and over) are available to provide the constraint. However, it is still of interest to see how well the unconstrained methods compare with each other when no independent estimates are available, and also how well they succeed in producing estimates of the total at ages 90 and over. The resulting scores are shown in Table 2 . It will be seen that in the years 1980-95, when all three methods can be compared, the unconstrained MD method performed better than the unconstrained SR and DG methods, for both males and females at ages 90+ and 95+, and also for females at ages 100 and over. Figures 1a, 1b, 1c ) Tables 1 and 2 show the relative rankings of the various methods and variants, but these do not tell us the accuracy of the estimates, as measured by the percentage differences between the estimates and the observed population values. These percentage errors from the pooled data for the nine countries were calculated for each year, and for each of the ages 90, 91, ...., 100+. The resulting percentage errors are illustrated in the form of Lexis maps in Figures 1a, 1b and 1c .
Relative error of survivor estimates (
Each rectangle on the map corresponds to a deviation at a certain age and year. The scale on the right separates the deviations into groups and each group is displayed with a certain colour on the map. For example, all deviations in which the observed population is underestimated by more than 15% are displayed in the deepest blue. All deviations in which the observed population is overestimated by more than 15% are displayed in the deepest magenta.
As expected, the methods which are constrained to agree with the observed population at ages 90 or 90+ perform better than the unconstrained methods. The constrained methods still tend to overestimate the observed population, but the error is typically only of the order of 1%-5%. The unconstrained methods, however, tend to underestimate the observed population and have larger errors, typically of the order of 5%-15%. For the SR and DG methods this is simply due to the fact that, when unconstrained, they do not allow for the fall in mortality rates at high ages. The unconstrained MD method allows for the mortality decline but at certain ages the estimates are still too low. This appears to be due to the fact that death rates have not declined at a constant rate over time.
The errors illustrated in Figure 1 are the averages found when the errors in the nine countries are pooled. For individual countries, the errors can be larger or smaller. As an illustration, the method SR(5,5,90+), when applied to estimate the total number of centenarians in England and Wales, had errors which in about half the years between 1980 and 1995 were as large as 5%. The highest error was 9%. Percentage errors were even higher in the smaller countries.
The parameters in the SR method
We recall that the SR parameters has the parameters k (the number of ages in the denominator of the survivor ratio) and m (the number of cohorts in the moving average). The most commonly used values are five in each case and these were the values used in the comparisons described above. Since then, some further work has been done to see whether k = 5, m = 5 is an optimal combination. For the case of England and Wales, estimates were made of the total number of centrenarians (aged 100 and over) in each year from 1970 to 1995, using both the unconstrained method SR(k,m) and the constrained method SR(k,m,90+), for all possible values of k and m from 1 to 10. This made 100 combinations altogether, for each year. The results were then ranked, in the same way as for Figure 1 , and the results are plotted on the Lexis map in Figure 2 . The lightest entries show the best fits.
Relatively small values of k (up to 6 ages) and slightly larger values of m (4 cohorts or more for the unconstrained SR method and 6 or more for the constrained method) seem to produce the better rankings, but there is no clear optimal combination.
A point to be remembered is that the small cohorts which were born when the birth rate was low during the First World War are now entering the old age field. In order to maintain the sizes of the denominators in the survivor ratios, higher values of k (perhaps up to 10) may be needed in the coming years.
Summary
In circumstances where existing estimates of the numbers living in the population at very high ages are not reliable for individual years of age, there are several methods which can be used to produce improved estimates of the numbers living, by making use of the data on deaths. The aim of the research was to find out which of the available methods performed best, when applied to the data for nine countries in each of the years 1960-1995.
The research has produced a very simple and totally unexpected result. There was a single particular method which, in all the cases tested, performed better than all the other methods included in the comparisons. It gave better estimates, not only for the total population aged 100 and over, but also for the total aged 95 and over, for both males and females, and in both the earlier years 1960-79 and in the later years 1980-95. This unexpectedly successful method was a particular variant of the survivor ratio method, constrained to agree with independent estimates of the total population aged 90 and over.
The research also showed that the other two main methods, the Das Gupta and the Mortality Decline methods, also performed better when constrained to agree with independent estimates of the total population aged 90 and over.
Results are also given to show the sizes of the errors in the estimates given by the various methods. Other topics discussed in the paper include the choice of parameters for the survivor ratio method and the practical problem of "switching" from official statistics to improved estimates in certain countries. 
